'ON THE DIOPHANTINE EQUATION
' - a’+ ﬂl___C«Tl"

Kmiy YAGIs ..\TA

In this paper we designate by

! an odd pr‘ime number,

L a primitive {*-th root of unity, {, =g/

k the cyclotomic field of {;,

ko the real subfield of & of the degree (I—1)/2,
h=nl the class number of k, I thi,

Ry thie élass  number of k,,

K=k(:.1) the cyclotomic field of (i 1,

Atp1=1—Ct 11 the prime divisor o:f !l in K,

K(%)(v) the I*-th power charactor in K,

a the conjugate complex number to .

THEOREM, For n=3t+2, 2m>{+3 and (o{(CO)}, D=1,
QD) a'+ Bt =Ce(A) ™yt
is impossible in non-zero integer «a, B and y in k,, where ¢ is a real wunit
and 2=1-=C;, and ¢ {(C)} denotes Euler's function of principal ideal
©) in k and (a, B)=1, LV hs.
REMARK, For. C=1, this theorem was proved by Prof. T. Morishima [1].
Proof. 1. Yamaguchi [2] proved the following lemma:
LEMMA, Let (o{(O)}, D) =1 and assume. that the equation (1) is solvable
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ON THE DIOPHANTINE EQUATION af+p!=Cri"
in integer «, B and v in Q({4-LY) which is the maximal real subfield of
I-th cyclotomic field Q({). Then the factor a-+fB of the left side of (1)
is divisible by (C). Where ¢{(C)} is the Euler function of principal ideal
(©) in QD).
By this lemma, a-+p is divisible by C. Since A=nl* (¥ h), [/ h, and

a-+B is an integer in k,, we have

a+c1:ﬂ . =t
(2) I_CIT =&rlr
a+Ci7"B o o e
(3) I_Cl—r =¢&rir
(4) a+ﬁ =Ceol(2m—l)[+lwol",

where ¢’s are real units.

Hence from (2), (3) and (4)

- - -t .
(5) CUrl" —(Drln =C€’X(2m l)lwolﬂ’
therefore
1530 |
in-2t-1 i —gnerely _ am_1yit ¥l yn
T @ =@l ™) =Coagnnit o,
i=

Consider that

gncUl_ g —ynat)
(2

then since
-2t.1 t+1
.Q:—a),.M (mod. 2,‘27'1',2’[ * '”)

n—2t—12t+1, @m—2)18*1 41> ((+1)(—1)1+18+38, for all prime ideal p
prime to I2 in £ [3],

I S IIEAC SR G W
K ph ¢+ K [ V(¢+1)—K 2 (t+1)—-K‘ d’/i (z+1)_’
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where p*=(6).

= () - ) - (e

then by [4],

Since

n-g-1 j— ga-t-1
1] _Clzwrl

I-&¢

= 6,

Nii(2) = -2

and from (5)
@t T =" = Cerpemo L 5t

for D (o =) E Ky,

then

(6) @A™ B (GG 0l B
= (1= (18479 (8:6-4)°,

(7)) @™ L G 0 P it
= Cre/v pam=vi+2 joun,
From (6), (7) for i=1,2,
(616-1)!—(020-2)"
(GG =007 (0 e T =20, Y

- A= A=-a"HA=-tHIA-4"D
= CPe/!" ppam=vl §p2l”,

then
' +Bit = Chey (A1) ™21y,

where a;, B, 71Eko, (a1, B) =1, 202m—2)>1-+3,

which is a contradiction.
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